We prove a generalization of Fujita's effective very ampleness conjecture for toric varieties with arbitrary singularities, using combinatorial methods.
Given an ample divisor D and any other Cartier divisor D ′ on an algebraic variety, we can choose t sufficiently large so that tD + D ′ is basepoint free or very ample. In either case, it is not easy say how large we must choose t in general. However, for D ′ = K X , Fujita made the following conjectures.
Fujita's Conjectures Let X be an n-dimensional projective algebraic variety, smooth or with mild singularities, D an ample divisor on X.
(i) For t ≥ n + 1, tD + K X is basepoint free.
(ii) For t ≥ n + 2, tD + K X is very ample.
The example X ∼ = P n , D ∼ H shows that Fujita's conjectured effective bounds are best possible. For smooth varieties, the corresponding statements with "basepoint free" and "very ample" replaced by "nef" and "ample", respectively, are consequences of Mori's Cone Theorem [Fuj] . For divisors on smooth toric varieties, nefness and ampleness are equivalent to freeness and very ampleness, respectively, so Fujita's conjectures follow immediately for smooth toric varieties. One can also deduce Fujita's conjectures for smooth toric varieties by general (non-toric) cohomological arguments of Ein and Lazarsfeld in characteristic zero [EL] , and Smith in positive characteristic [Sm1] [Sm2] , again using the fact that ample divisors on smooth toric varieties are very ample.
For toric varieties with arbitrary singularities, a strong generalization of Fujita's basepoint freeness conjecture was proved by Fujino [Fu] . We follow the usual toric convention fixing K X = − D i , the sum of the T -invariant prime divisors each with coefficient -1, as a convenient representative of the canonical class.
Fujino's Theorem [Fu] Let X be a projective n-dimensional toric variety not isomorphic to P n . Let D, D ′ be Q-Cartier divisors such that 0 ≥ D ′ ≥ K X , D + D ′ is Cartier, and D · C ≥ n for all T -curves C. Then D + D ′ is basepoint free.
Fujita's basepoint freeness conjecture for toric varieties is the special case of Fujino's Theorem when X is Gorenstein, D ′ = K X , and D = tL for some ample Cartier divisor L and some integer t ≥ n + 1. In fact, Fujino's Theorem shows that, for toric varieties, Fujita's conjectured bound can be improved by excluding the extremal case X ∼ = P n .
Of course, the case of P n can be analyzed separately. The canonical divisor on P n is linearly equivalent to (−n−1)H, so D ′ ∼ sH for some 0 ≥ s ≥ (−n−1). Any Q-Cartier divisor D on P n is linearly equivalent to tH for some t ∈ Q. Then D + D ′ is Cartier exactly when t + s is an integer and basepoint free exactly when t + s is a nonnegative integer.
The main purpose of this paper is to prove an analogous strong generalization of Fujita's very ampleness conjecture for toric varieties with arbitrary singularities.
Theorem 1 Let X be a projective n-dimensional toric variety not isomorphic
The statement of Fujino's Theorem can be strengthened by removing the assumption that D + D ′ is Cartier. A Cartier divisor on a toric variety is basepoint free if and only if it is nef, i.e. if and only if D intersects every curve nonnegatively [La, Proposition 1.5] . Without the hypothesis that D + D ′ is Cartier, the sharper statement of Fujino's theorem is then:
Fujino's Theorem + [Fu] Let X be a projective n-dimensional toric variety, not isomorphic to P n . Let D, D ′ be Q-Cartier divisors such that 0 ≥ D ′ ≥ K X and D · C ≥ n for all T -curves C. Then D + D ′ is nef.
Similarly, the statement of Theorem 1 can be strengthened by using a toric characterization of very ampleness to remove the hypothesis that D + D ′ is Cartier. Since every divisor on a toric variety is linearly equivalent to a Tinvariant divisor, we may assume D and D ′ are Q-linear combinations of Tinvariant divisors. To state the stronger theorem, we need some notation from toric geometry.
Let D = d i D i be a T -Q-Cartier divisor on a complete toric variety X. For each maximal cone σ in the fan defining X, we have a point u σ ∈ M Q determined by the conditions u σ , v i = −d i for each of the primitive generators v i of the rays of σ. When D and D ′ denote T -Q-Cartier divisors, we will write u σ and u ′ σ for the points of M Q associated to D and D ′ , respectively. The association D ; u σ is linear, i.e. tD ; tu σ and D + D ′ ; {u σ + u ′ σ }. A T -Q-Cartier divisor D is Cartier if and only if u σ ∈ M for all maximal cones σ. Also associated to D is a polytope P D ⊂ M Q cut out by the inequalities u, v i ≥ −d i for all of the primitive generators v i of the rays of the fan. When D is T -Q-Cartier and nef, the {u σ } are the vertices of P D . If we translate P D so that the vertex u σ is at the origin, then all of P D sits inside the dual cone σ ∨ . Write P σ D for this translation, i.e. P σ D := P D − u σ . In case D is Cartier, then D is very ample if and only if P σ D ∩ M generates the semigroup σ ∨ ∩ M for all maximal cones σ. Without the hypothesis that D + D ′ is Cartier, the stronger version of Theorem 1 we will prove is then:
Theorem 2 Let X be a projective n-dimensional toric variety not isomorphic to
Theorem 1 is the special case of Theorem 2 when D + D ′ is Cartier. Our approach starts from an observation made by Laterveer in [La] : if D is ample, then the lattice length of the edge of P D corresponding to a T -curve C is precisely D · C. This fact can be seen as a consequence of Riemann-Roch for toric varieties [Ful, p.112] . Adding D ′ corresponds to moving the faces of P D inward at most a unit distance with respect to the dual lattice. When all of the edges of P D have lattice length at least n + 1, we show that P σ D+D ′ contains an explicit generating set for σ ∨ ∩ M for all maximal cones σ. The computations are straightforward in the simplicial case, as can be seen in the example at the end of the introduction.
In the proof of Fujino's Theorem, there is a simple reduction to the simplicial case, or even to the smooth case (see [La, Lemma 2.4] , [Fu, 1.12,  Step 2], or [P] ). The reduction works via a partial, or full, projective resolution of singularities corresponding to a triangulation of the fan defining X. This type of reduction seems not to work for very ampleness. Instead, for each nonsimplicial maximal cone σ, we make a canonical subdivision of the dual cone σ ∨ .
Remarks -The earliest results on Fujita's freeness conjecture for singular toric varieties of which the author is aware are due to Laterveer. In [La] , Laterveer proved Fujino's Theorem for Q-Gorenstein toric varieties when D ′ = K X using toric Mori theory, as developed in [Re] . Our statement of Theorem 1, like the statement of Fujino's Theorem, is influenced by Mustaţǎ's formulations in [Mu] . In particular, Mustaţǎ stated and proved Fujino's Theorem and Theorem 1 for smooth toric varieties when D and D ′ are Cartier as consequences of a characteristic-free vanishing theorem for toric varieties. For proofs of Fujino's Theorem that do not use vanishing theorems or toric Mori theory, see also [Lin] and [P] .
The only previous result on Fujita's very ampleness conjecture for singular toric varieties of which the author is aware is due to Lin, 1 who proved the conjecture for simplicial Gorenstein toric varieties in dimension ≤ 6 [Lin] . In [La] , Laterveer also claimed to prove a generalization of Fujita's very ampleness conjecture for arbitrary Q-Gorenstein toric varieties. As noted by Lin, there 1 Another effective very ampleness result for singular toric varieties, due to Ewald and Wessels [EW] , may be stated as follows: let X be an n-dimensional projective toric variety and D a T -Q-Cartier divisor on X such that D · C ≥ n − 1 for all T -curves C. Then P σ D ∩ M generates σ ∨ ∩ M for all maximal cones σ. In particular, if D is Cartier, then D is very ample.
is an error in the proof of this claim. In particular, it is not true in general that P tD+KX contains P (t−1)D . The case X ∼ = P n , D ∼ H is a counterexample. Nevertheless, Laterveer's approach to Fujita's very ampleness conjecture for singular toric varieties contains fruitful insights, in particular, the realization that P n is the only toric extremal case and the characterization of the intersection numbers D · C as the lattice lengths of the edges of P D . The results we prove here are strong enough to imply all of the very ampleness results claimed in [La] .
Example We illustrate the essential techniques of this paper in a concrete simplicial example. Let u 1 , . . . , u n be linearly independent primitive vectors in M . Let P be the simplex with vertices {0, u 1 , . . . , u n }. Associated to P , there is a projective toric variety X P with an ample divisor D such that P = P D [Ful, Section 1.5]. The vertex 0 of P corresponds to a maximal cone σ of the fan defining X P whose dual cone σ ∨ is spanned by {u 1 , . . . , u n }. Let D 1 , . . . , D n be the divisors corresponding to the rays of σ, and let D ′ = −D 1 − · · · − D n . We will show that, for t ≥ n + 1, P σ tD+D ′ ∩ M generates σ ∨ ∩ M . Every point in M can be written uniquely as an integer linear combination of the {u i } plus a fractional part. So the semigroup σ ∨ ∩ M is generated by {0, u 1 , . . . , u n } together with {(a 1 u 1 + · · · + a n u n ) ∈ M : 0 ≤ a i < 1}. For t ≥ n + 1, we will show that P σ tD+D ′ contains this generating set. Define a linear function λ on M Q by λ(a 1 u 1 + · · · + a n u n ) = a 1 + · · · + a n .
In other words, if {v i } are the primitive generators of the rays of σ, then P tD is cut out by the conditions u, v i ≥ 0 and the condition λ(u) ≤ t. Similarly,
and if u is a lattice point in the interior of σ ∨ then u, v i is a positive integer.
Suppose t ≥ n + 1. Then u 1 + · · · + u n is a lattice point in P tD that is in the interior of σ ∨ , so u 1 + · · · + u n is contained in P tD+D ′ . Note that u ′ σ is the point of P tD+D ′ for which λ achieves its minimum. In particular,
Given a lattice point p of the form p = a 1 u 1 + · · · + a n u n with 0 ≤ a i < 1, we have another lattice point p ′ = (1 − a 1 )u 1 + · · · + (1 − a n )u n in P tD that is in the interior of σ ∨ . So p ′ is contained in P tD+D ′ , and therefore
So λ(u ′ σ + p) ≤ n < t, and hence p ∈ P σ tD+D ′ , as required. I wish to thank M. Hering, P. Horja, R. Lazarsfeld, and M. Mustaţǎ for helpful conversations related to this work. I am especially grateful to W. Fulton for his encouragement on this project and for his comments and suggestions on earlier drafts of this paper.
Preliminaries
As a first step to proving Theorem 2, we have:
Lemma 1 Let X, D, and D ′ satisfy the hypotheses of Theorem 2. Let σ be a maximal cone, and let {u 1 , . . . , u s } be the primitive generators of the rays of σ ∨ . Then P σ D+D ′ contains {0, u 1 , . . . , u s }.
Proof: By Fujino's Theorem + , n n+1 D + D ′ is nef. Therefore, for any T -curve C,
By Laterveer's observation, this means that every edge of P D+D ′ has lattice length at least 1. Translating the vertex u σ to the origin, it follows that P σ D+D ′ contains 0 and the primitive generators of each of the rays of σ ∨ . 2
If σ is regular, then s = n and {0, u 1 , . . . , u n } generates σ ∨ ∩ M , so the conclusion of Theorem 2, i.e. the fact that P σ D+D ′ ∩ M generates σ ∨ ∩ M , follows immediately. In general, if we let ∆ = conv{0, u 1 , . . . , u s }, then Lemma 1 says that P σ D+D ′ contains ∆. If σ is not regular, then ∆ may not contain a generating set for σ ∨ ∩ M . The following example, due to Ewald and Wessels [EW] , illustrates this possibility.
Example Let M = Z 3 ; u 1 = (1, 0, 0), u 2 = (0, 1, 0), and u 3 = (1, 1, 2). Let σ ∨ be the cone spanned by {u 1 , u 2 , u 3 }, so ∆ = conv{0, u 1 , u 2 , u 3 }. Then ∆ ∩ M = {0, u 1 , u 2 , u 3 }, so the semigroup generated by ∆∩M only contains lattice points whose third coordinate is even. In particular, the lattice point (1, 1, 1) = 1 2 (u 1 + u 2 + u 3 ) is in σ ∨ , but not in the semigroup generated by ∆ ∩ M .
Although ∆ may not contain a generating set for σ ∨ ∩ M , we will show that P σ D+D ′ contains a dilation of ∆ that does contain a generating set. Let m = min{(D + D ′ ) · V (σ ∩ τ )}, where τ varies over all maximal cones adjacent to σ, so that m is the minimum of the lattice lengths of the edges of P σ D+D ′ incident to the vertex 0. Note that m∆ is the largest rational dilation of ∆ contained in P σ D+D ′ . We will show that m∆ does contain a generating set for σ ∨ ∩ M .
In preparation for proving this, we develop a few preliminaries. First, we generalize Laterveer's observation on the lattice lengths of the edges of P D to the case where D is not necessarily ample.
Lemma 2 Let X be a complete toric variety, D a T -Q-Cartier divisor on X. Let σ, τ be adjacent maximal cones in the fan defining X, and let u be the primitive generator of the ray of σ ∨ perpendicular to σ ∩ τ . Then
Proof: Since u σ and u τ agree on σ ∩ τ , their difference must vanish on σ ∩ τ , i.e. u τ −u σ = ku for some rational number k. By the toric interstection formulas in [Ful, Section 5 .1], for v j the primitive generator of any ray of τ not contained in σ,
Therefore,
2 Now we develop some tools for working with rational cones. Let σ ∨ be a rational cone, and let u 1 , . . . , u s be the primitive generators of the rays of σ ∨ . Define a function λ min on σ ∨ by λ min (u) = min{(a 1 + · · · + a s ) : a 1 u 1 + · · · + a s u s = u, a i ≥ 0}.
Define λ max similarly. A few combinatorial properties of λ min and λ max , all of them immediate from the definitions, will be useful in what follows.
First, λ min and λ max are anticonvex and convex, respectively. In other words, for any u, u ′ ∈ σ ∨ ,
Then for any primitive generator v i of a ray of σ, u ′ σ , v i = −d ′ i ≥ 0. So u ′ σ is in the dual cone σ ∨ . In particular, λ min (u ′ σ ) and λ max (u ′ σ ) are well-defined. Finally, with ∆ = conv{u 1 , . . . , u s }, note that
The distinction between λ min and λ max is meaningful only in the nonsimplicial case; when σ is simplicial, then the primitive generators of the rays of σ ∨ are linearly independent, so the expression u = a 1 u 1 + · · · + a n u n is unique.
In order to show that m∆ contains a generating set for σ ∨ ∩ M , one seeks lower bounds for m. To get a rough idea of how one might get such bounds, imagine that P D is very large, as it will be under the hypotheses of Theorem 2. When we add a small, minus-effective divisor D ′ to D, we get P D+D ′ by moving the faces of P D inward a small distance. In particular, the new vertex u σ + u ′ σ of P D+D ′ will be inside P D and close to the old vertex u σ of P D . We can measure this closeness by λ min (u ′ σ ). Assume that for some large positive t, P D contains u σ + t∆ (i.e. D · V (σ ∩ τ ) ≥ t for all maximal cones τ adjacent to σ). Then t∆ contains u ′ σ and u ′ σ + (t − λ min (u ′ σ ))u i for each of the primitive generators u i of the rays of σ ∨ . Therefore, if the faces of P D not containing u σ did not move inwards at all (i.e. if D ′ were supported on the divisors corresponding to the rays of σ), then P D+D ′ would contain u σ + u ′ σ + (t − λ min (u ′ σ ))∆. Taking into account the movement of the other faces, we would see that
where r is the maximum distance with respect to the dual lattice that the other faces move inward. The key to giving lower bounds for m will be the following proposition, which makes the essence of the preceding discussion precise.
Proposition Let X be a complete toric variety, and let σ be a maximal cone in the fan defining X. Let D, D ′ be T -Q-Cartier divisors such that D is nef and 0 ≥ D ′ ≥ rK X , for some positive rational number r. Let t = min{D · V (σ ∩ τ )} and m = min{(D + D ′ ) · V (σ ∩ τ )}, where τ varies over all maximal cones adjacent to σ. Suppose t ≥ λ min (u ′ σ ). Then
Proof: Let τ be a maximal cone adjacent to σ. Let k = (D + D ′ ) · V (σ ∩ τ ), and let c = t − λ min (u ′ σ ). In order to prove the proposition, we must show that c − k ≤ r. Recall that u σ + u ′ σ and u τ + u ′ τ are the points of M Q associated to D + D ′ for σ and τ , respectively. Let u be the primitive generator of the ray of σ ∨ perpendicular to σ ∩ τ . By Lemma 2
Let v j be the primitive generator of any ray of τ not in σ.
Now c is nonnegative by hypothesis, so cu ∈ σ ∨ . Therefore, since λ min is anticonvex and λ min (cu) = c,
Hence u ′ σ + cu is contained in t∆. Since D is nef, P D contains u σ + t∆. In particular, P D contains u σ + u ′ σ + cu. Therefore,
Subtracting (2) from (1) 
Remark -The conclusion of the proposition is false in general if t < λ min (u ′ σ ). Consider, for example, the complete toric surface X whose fan is spanned by three rays, the primitive generators of which satisfy v 1 + v 2 + 2v 3 = 0 (i.e. X is the weighted projective plane P (1, 1, 2) ). Let σ be the cone spanned by v 2 and v 3 . Taking Cartier divisors D = 2D 1 and D ′ = 2K X , one computes t = D · D 2 = 1, λ min (u ′ σ ) = 4, and (D + D ′ ) · D 2 = −6, which is strictly less than 1 − 4 − 2.
The proposition gives good lower bounds for m, provided we can give good upper bounds for λ min (u ′ σ ). We get sufficient bounds indirectly by using convexity to bound λ max (u ′ σ ).
Proof: For any lattice point u in the interior of σ ∨ , and for the primitive generator v j of any ray of σ, u, v j is a positive integer, and in particular is at least 1. On the other hand,
Since λ max is convex and nonnegative on σ ∨ , it follows that λ max (u ′ σ ) ≤ λ max (u). 2 2 Proof of Theorem 2
Let X, D, and D ′ satisfy the hypotheses of Theorem 2, and let σ be a maximal cone in the fan defining X. Let m = min{(D+D ′ )·V (σ∩τ )}, where τ varies over all maximal cones adjacent to σ. Let {u 1 , . . . , u s } be the primitive generators of the rays of σ ∨ , and let ∆ = conv{0, u 1 , . . . , u s }. To prove Theorem 2, it will suffice to show that m∆ contains a generating set for σ ∨ ∩ M . To prove this, we will give a canonical subdivision of σ ∨ and show that, for each maximal cone γ of the subdivision, γ ∩ m∆ contains a generating set for γ ∩ M . We claim that λ max is piecewise-linear and therefore defines a canonical subdivision of σ ∨ : the subdivision whose maximal cones are the maximal subcones of σ ∨ on which λ max is linear. This subdivision can also be realized by looking at Q = conv{u 1 , . . . , u s } and taking the cones over the "lower faces" of Q, i.e. the faces of Q visible from the vertex 0 of σ ∨ . Indeed, for any t > 0, tQ is the set of u in σ ∨ that can be written u = a 1 u 1 + · · · + a s u s with a i ≥ 0 and a 1 + · · · + a s = t. Now the points in the lower faces of Q are precisely those points that are not contained in tQ for any t > 1. So the restriction of λ max to the lower faces of Q is identically 1. Since λ max (cu) = cλ max (u) for any c ≥ 0, it follows that λ max is linear precisely on the cones over the lower faces of Q.
Let γ be the cone over a maximal lower face of Q, and let γ (1) ⊂ {u 1 , . . . , u s } denote the set of primitive generators of the rays of γ. We must show that γ ∩ m∆ contains a generating set for γ ∩ M . Every point of γ can be written as a nonnegative linear combination:
where a j ≥ 0, and {u ij } ⊂ γ (1) is linearly independent. This expression can be decomposed as a nonnegative integer combination of the {u ij } plus a nonnegative fractional part. So γ ∩ M is generated by 0 and γ (1) together with {(a 1 u i1 + · · · + a n u in ) ∈ M : 0 ≤ a j < 1, {u ij } ⊂ γ (1) linearly independent}. By Lemma 1, m∆ contains 0 and γ (1) . It will therefore suffice to show that any lattice point p that is a nonnegative fractional linear combination of some independent set {u ij } ⊂ γ (1) is contained in m∆. For this, it will suffice to show that m ≥ λ max (p).
Suppose p = a 1 u i1 + · · · + a n u in ∈ M , where 0 ≤ a j < 1, and {u ij } ⊂ γ (1) is linearly independent. Then p ′ = (1 − a 1 )u i1 + · · · + (1 − a n )u in is a lattice point in the interior of σ ∨ . By Lemma 3, λ max (u ′ σ ) ≤ λ max (p ′ ), and since λ max is linear on γ and λ max (u ij ) = 1, we have λ max (p ′ ) = (1 − a 1 ) + · · · + (1 − a n ) = n − λ max (p).
. Let t be as in the proposition, i.e. t = min{D · V (σ ∩ τ )}, where τ varies over all maximal cones adjacent to σ. Then t ≥ n + 1 > λ min (u ′ σ ), so we can apply the proposition with r = 1 to obtain
Remark -The collection of cones over the lower faces of Q is an example of what is called a "regular subdivision". In general, a regular subdivision of a cone is constructed by choosing a nonzero point on each of the rays of the cone, and perhaps specifying some additional rays inside the cone with nonzero points on them as well. One looks at the convex hull of all of these points and then takes the cones over all of the lower faces. For more details on regular subdivisions of convex polytopes, see [Lee] and [Zi] . The translation from polytopes to cones is straightforward.
In the toric literature, regular subdivisions have generally been applied to the fan defining a toric variety, and sometimes to the polytope defining an ample line bundle. See, for instance, [OP] and [GKZ] . The regular subdivisions that we have used in this paper are of the dual cones {σ ∨ }. The author is not aware of any significant geometric interpretations for these subdivisions.
The subdivisions of a fan Σ correspond naturally and bijectively to the proper birational toric morphismsX → X(Σ) [Ful, Section 2.5] , and the regular subdivisions of Σ are precisely those for which the corresponding morphism is projective. A regular subdivision of Σ is obtained by specifying a continuous function Ψ on the support of Σ that is convex and piecewise-linear on each cone. By subdividing each cone of Σ into the maximal subcones on which Ψ is linear, we get a projective birational morphism for which Ψ is the piecewiselinear function associated to a relatively ample T -Q-Cartier divisor onX. In particular, if D = d i D i is a T -Q-Weil divisor on X, and if we define Ψ max then we get the unique projective birational morphism π :X → X such that π * D is Q-Cartier and relatively ample, and π is an isomorphism in codimension 1. If D is effective (resp. minus effective) then, for each maximal cone σ, the same subdivision is obtained by looking at conv{ 1 di v i : v i ∈ σ} (resp. conv{− 1 di v i : v i ∈ σ}) and taking the cones over the upper faces (resp. lower faces). Note that, for a subdivision of a fan to be regular, it is not enough for the subdivision to be regular on each cone. This is the toric manifestation of the fact that quasiprojectivity is not local on the base (see [EGA, II.5.3] ).
